We study the radial part of the MICZ-Kepler problem in an algebraic way by using the su(1, 1) Lie algebra. We obtain the energy spectrum and the eigenfunctions of this problem from the su(1, 1) theory of unitary representations and the tilting transformation to the stationary Schrödinger equation. We construct the physical Perelomov number coherent states for this problem and compute some expectation values. Also, we obtain the time evolution of these coherent states.
INTRODUCTION
The theory of coherent states arose in order to make comparisons between the classical and quantum theories. These states were introduced by Schrödinger [1] in 1926 as the most classical ones of the harmonic oscillator, i.e., those of minimal uncertainty which are not deformed when evolve in time along a classical trajectory. In 1963 Glauber [2] , Klauder [3, 4] and Sudarshan [5] took up again the coherent states for application in quantum optics. Glauber defined the coherent states as the eigenstates of the annihilation operator of the harmonic oscillator and are related to those the HeisenbergWeyl group.
The harmonic oscillator is not the only problem for which we can construct coherent states. It has been shown that coherent states can be built up for any problem from the dynamical properties of its associated group [6] . Some of these generalizations are reported in the work of Barut [7] and Perelomov [8] . In particular, the Barut and Girardello coherent states are a generalization of those introduced by Glauber, since were defined as the eigenstates of the annihilation operator T − of the SU (1, 1) group. Perelomov defined his coherent states as the action of the displacement operator (constructed in terms of the algebra generators) on the ground state. The coherent states have been obtained successfully for many problems, reported in references [6, 9, 10] .
Besides the harmonic oscillator, other problem for which it has been successfully constructed the coherent states is the hydrogen atom. In particular, Y. Gur and A. Mann [11] obtained the radial Barut-Girardelllo coherent states related to the su(1, 1) Lie algebra for the harmonic oscillator and the hydrogen atom in arbitrary dimensions.
The SU (1, 1) Perelomov coherent states have been obtained in several works, among them is the work presented by Gerry and Kiefer [12] , who obtained the coherent states for the Coulomb problem. The wave packets they obtained evolve in a fictitious time variable proportional to the eccentric anomaly. These packets consist of a superposition of the Coulomb Sturmian functions and do not disperse as they evolve although the package width changes periodically. Nieto [13] and his collaborators have obtained coherent states for several central potentials by using the method of minimum uncertainty, which apparently are dispersed as they evolve in time
The SU (1, 1) Perelomov number coherent states were introduced by Gerry as the eigenfunctions of the degenerate parametric amplifier [14] . Moreover, it has been shown that the Perelomov number coherent states for the two-dimensional harmonic oscillator are useful in the study of the non-degenerate parametric amplifier [15] and the problem of two coupled oscillators [16] .
On the other hand, the MICZ-Kepler problem is the Kepler problem when the nucleus of this hypothetic hydrogen atom also carries a magnetic charge. This problem was independently discovered by McIntosh-Cisneros [17] and Zwanziger [18] . It has been shown that the MICZ-Kepler problem possesses a Runge-Lenz-type vector as constant of motion and the group O(4) as symmetry group [17] . These facts reflect a great similarity with the Coulomb problem. Different generalizations for the MICZ-Kepler problem have been studied. For example, Meng [19] has studied the MICZ-Kepler problem in all dimensions and Mardoyan [20, 21] 
.
In this Hamiltonian, A is the magnetic vector potential of a Dirac monopole,
such that ∇ × A = r r , r is the distance from the electron to the hydrogen nucleus, s is the magnetic charge of the Dirac monopole which takes the values s = 0, ± 1 2 , ±1, ± 3 2 ... and, c 1 and c 2 are non-negative constants. Moreover, there are generalizations of the MICZ-Kepler systems on the three-dimensional sphere [22] and on the hyperboloid [23] . The radial equation resulting from the Hamiltonian (1) has been solved by supersymmetric quantum mechanics [24] . Also, in Ref. [25] it has been constructed and su(1, 1) Lie algebra to solve the radial equation of (1) in an algebraic way.
The aim of this work is to study and construct the Perelomov radial number coherent states of the MICZKepler problem by introducing an su(1, 1) Lie algebra and using the tilting transformation. In references [11] and [12] we infer that the requirements to construct the coherent states are a set of radial operators independent of the energy, which close a Lie algebra, and the tilting transformation. At this point it is necessary to emphasize that although the su(1, 1) Lie algebra generators we employ in the present work are very similar to those we used in [25] , they are not the same. Those we used in our previous work are reescaled with the energy, and therefore, are not useful to construct the coherent states.
This work is organized as follows. In Section 2, we use some previous results to study the radial part of the MICZ-problem by using tree operators which close the su(1, 1) Lie algebra. We use the tilting transformation to obtain the energy spectrum and the radial functions. In Section 3, we obtain the Perelomov number coherent states of this problem and calculate some expectation values using these states. In Section 4 we obtain the most general form of the MICZ-Kepler problem coherent states, since our results include the time dependence. Finally, we give some concluding remarks.
THE GENERALIZED MICZ-KEPLER PROBLEM IN SPHERICAL BASIS AND ITS
RADIAL SU (1, 1) DYNAMICAL GROUP
The stationary Schrödinger equation HΨ = EΨ for the Hamiltonian (1) with Ψ ≡ R(r)Z(θ, φ) in spherical coordinates (r, θ, φ), can be reduced to the uncoupled differential equations [20, 24] 
where the quantized separation constant is given by
The unnormalized square-integrable solutions for the equation (3) are [20, 21] 
where
are the Jacobi polynomials. The z-component of the total angular momentum m and the total angular momentum j take the quantized eigenvalues
Notice that the Dirac quantization condition s determines the values of j and m. These two equations imply that j and m take integer or half-integer values depending on whether s takes integer or half-integer values. By substituting the quantized separation constant (5) into equation (4) 
This equation can be written as
where R is the physical wave function and J = j + (δ 1 + δ 2 )/2. We introduce the su(1, 1) Lie algebra generators for the radial part of the MICZ-Kepler problem as
By using equations (11), (12) and (13) the eigenvalue problem satisfies
is a pseudo-Hamiltonian. We can remove the nondiagonal operator T 1 of equation (15) by applying the "tilting" transformation. Thus,
or
with |R = e −iβT2 |R , and H = e −iβT2 He −iβT2 .
By using the Baker-Campbell-Hausdorff formula (69) we obtain the following relationship
Thus, the tilted Hamiltonian H can be expressed as
In this equation T 1 vanishes if we choose the parameter β as ln (−2E) 1/2 . Therefore, the tilted Hamiltonian becomes diagonal and can be written as
On the other hand, the action of the Casimir operator (see equation (63) Appendix ) on the radial function |R is
Thus, the relationship between the group number k and the quantum number J is k = J + 1 or k = −J. Now, we just consider the positive solution since this leads to a unitary representation. From equations (18), (22) and (60) of Appendix, we obtain
From this equality we obtain the energy spectrum of this problem
By comparing this energy spectrum with the previously obtained in [20] , (E = −1/(N + δ 1 + δ 2 ) 2 ) we obtain the relationship between the group number n and the physical quantum numbers
The physical states |R = |J, n are obtained from the group states (Sturmian Basis) |J, n , as follows
where C n is a normalization constant. Notice that the physical states depend on energy, whereas the group states do not. In order to find the normalization factor we require
from which we obtain C n = 1/(J + n + 1). In Ref. [11] and [12] it has been introduced the su(1, 1) radial Lie algebra and its Sturmian basis for its unitary irreducible representations to construct the coherent states for the Coulomb potential. Since the operators of equations (11)- (13) of the su(1, 1) Lie algebra are a particular case of those of these works, we use that the group states in the configuration space are the radial Sturmian functions
where L 2J+1 n are the associated Laguerre polynomials [11, 12] . These functions satisfy the orthonormality relation
The physical radial functions R nJ (r) are obtained from equation (27) and the relationship
Thus, the physical radial functions of the MICZ-Kepler problem are
and satisfy the orthonormality relation
All physical expectation values are calculated with the physical state |J, n . Therefore it is important to remark that for some functions of r, f (r), we have
with r = T 0 − T 1 .
THE SU(1,1) PERELOMOV NUMBER COHERENT STATE
The SU (1, 1) Perelomov number coherent states are discussed in more detail in the Appendix. To obtain the number coherent states for the MICZ-Kepler problem we shall use the procedure described in the reference [15] . Thus, from the definition of the Perelomov number coherent states (see equation (68)) and using the sums (48.7.6) and (48.7.8) of reference [26] , we obtain
. (36) with σ = 1 − |ζ| 2 /ζ * (1 − ζ). Furthermore, if we make n = 0 in the previous result we obtain the standard SU (1, 1) Perelomov coherent states
From equation (18) the following relation is satisfied
Thus, using equation (74) of Appendix we obtain that the energy depends on the group parameter θ as follows
Moreover, from equation (19) , the physical states of the MICZ-Kepler problem are given by
where β = ln(−2E) 1/2 and E is the continuous parameter of equation (39). Using equation (73) and (74) we obtain that the normalization requirement of the physical state leads to
Thereby, the normalization constant is
(42) Therefore, the physical wave function of the number coherent states for the MICZ-Kepler problem is
As it is well known from literature the time evolution operator for an arbitrary Hamiltonian is defined as U(t) = e −iHt/ [27] . Thus, if the Hamiltonian is proportional to T 0
In our particular case, for the tilted Hamiltonian H and γ = (−2E) 1/2 . The time evolution of the raising and lowering operators is obtained by applying a similarity transformation. Thus, from the BCH formula and the equations (44) and (59) we have
The same results are obtained by applying the Heisenberg equation. Thus, the time evolution of the Perelomov number coherent states is given by
(47) From equation (60) of Appendix, the time evolution of the state |J, n can be written as
The missing part U(t)D(ξ)U † (t) can be expressed as
hence, it follows that the time evolution of the displacement operator D(ξ) is due to the time evolution of the complex ξ(t) = ξe iγt/ introduced in (49). Moreover, the evolution of the displacement operator in its normal form is given by
from which we can define the time dependent complex ζ(t) = ζe iγt/ and obtain the time dependent normal form of the displacement operator D(ξ) as
By means of equations (48) and (51), we obtain that the time dependent Perelomov number coherent state is |ζ(t), J, n = e −iγ(J+n)t/ e ζ(−t)T+ e ηT0 e −ζ(−t) * T− |J, n .
(52) With these results, we obtain that the time evolution of the number coherent state for the MICZ-Kepler problem in the configuration space is
where γ = (−2E) 1/2 , n = N + δ1+δ2 2 − (J + 1) and ζ(−t) = ζe −iγt/ . This expression represents the most general radial number coherent states for the MICZKepler problem, since it includes the time evolution. The particular case of equation (37) is recovered by setting t = 0 and n = 0. Therefore, the time evolution of the physical number coherent state is given bȳ Ψ J,n (r, ζ(t)) = N (−2E) 1/2 Ψ J,n √ −2Er, ζ(t) ,
where the normalization constant N is calculated from equation (41) 
CONCLUDING REMARKS
We obtained the energy spectrum and the eigenfunctions for the radial part of the MICZ-Kepler problem in an algebraic way. In order to make the original Hamiltonian diagonal, we applied to it the tilting transformation. By introducing the Sturmian functions (which is the basis for the unitary irreducible representations of the su(1, 1) Lie algebra) we computed the energy spectrum and the radial functions. It is important to emphasize that the su(1, 1) Lie algebra generators that we employed in this work are not reescaled with the energy.
Also, by using the fact that the tilted Hamiltonian depends only on the third generator T 0 , we were able to compute the time evolution of the physical radial number coherent state for this problem from the Sturmian basis.
